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SULLIVAN MINIMAL MODELS OF CLASSIFYING SPACES FOR 
NON-FORMAL SPACES OF SMALL RANK 

HIROKAZU NISHINOBU AND TOSHIHIRO YAMAGUCHI 


Abstract. We consider certain rational homotopical conditions of simly con¬ 
nected CW complex X such that the rational cohomology of the classifying 
space BautiX for fibrations with two-stage fibre X is (not) free. First, we con¬ 
sider when is BautiX a rational factor of Baut\(X X S") for an odd-integer n 
and observe for a non-formal elliptic space X of rank 3. Second, we compute 
the Sullivan minimal models of BautiX when X are certain non-formal pure 
spaces of rank 5. 


1. Introduction 

Let A be a simply connected finite CW complex and autiX the indentity com¬ 
ponent of self-homotopy equivalences of X. The Dold-Lashof classifying space [5], 
BautiX, is the classifying space for orientable fibrations with fiber the homotopy 
type of X. In 1968, J.Milnor [TS] showed that, when X = 5'", H*{BautiX;Q) = 
Q[t;] where |t;| = 2n if n is even and |n| = n + 1 if n is odd. Let M{X) be the 
Sullivan minimal model [24] of X and DerM{X) the DGL(differential graded Lie 
algebra) of the negative derivations on M{X) (see §2 below). In 1977, D.Sullivan 
[24] indicated that DerM{X) determines the rational homotopy type of BautiX, 
that is, DerM{X) is a Quillen’s DGL-model [T7]. We are interested in the ratio¬ 
nal homotopical properties of it. (See [11] as a recent resarch of this direction.) 
It seems to be very difficult to expect understanding them immediately from the 
Sullivan model itself without the direct computation (see Theorem 12.11 below) of 
derivations of M{X) et al. (cf. [H], [^). Indeed, it is complicated even when X is 
a product of spheres m- For example, when A is x 5 '®(—q S't/(3)), BautiX is 
not a rational H-space and it is not even formal (see Definition 11.81 below). Then 
the rational cohomology is infinitely generated as 

H*{BautiX;Q) ^ Q[-y] ® A{wo,wi,W 2 , ■ ■ ■ )/{{vWi}i, {wiWj}i<j) 

with |t'|(= deg(u)) = 4 and |wi| = 3 + 6i even though H*{BautiS^;Q) and 
H*{BautiS^-,Q) are given as Q[?;] and Q[ w] with |m| = 6, respectively. A sim¬ 
ply connected GW complex A is said to be elliptic if the dimensions of rational 
cohomology and homotopy are finite. Futhermore, an elliptic space A is said to be 
an Fo-space if 

H*{X-,Q)^Q[XI,--- ,Xn]/{fl,--- Jn), 

in which \xi\ are even and /i, • • • , fn forms a regular sequence in Q[a:i, • • • ,Xn]- 
Then the Sullivan model is given as M(A) = {A{xi, ..,Xn,yi, ■■,yn),d) with \xi\ 
even and \yi\ odd with dxi = 0 and dyi = fi € Q[a;i, ..,x„]. In 1977, S.Halperin [5] 
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conjectured that the Serre spectral sequences of all fibration X ^ E ^ B collapse 
for any Jg-space X. The Halperin’s conjecture for an Fg-space X is equivalent to 

H*{BautiX-q)^Q[vu--- ,Vm] 

for some even-degrees’ elements vi, - ■ ■ ,Vm [H]. It is true when X is a homogeneous 
space G/H where G and H be compact connected Lie groups with H is a subgroup 
of G and rankG = rankiL due to Shiga-Tezuka [20]. Of course, even if a space X 
is not an Fg-space, H*{BautiX;Q) may be a polynomial algebra. For example, 
when X is X S^, H*{BautiX;Q) = Q['c,u] with |r;| = |u| = 4. (See [TT] and [55] 
for the realization problem [3] p.519] of a polynomial algebra.) It is natural to ask 

Question 1.1. When is H*{BautiX]<Q) a polynomial algebra or free ? 

The meaning of “H*{BautiX-,Q) is free” is that there is a graded algebra iso¬ 
morphism H*{BautiX;Q) ^ ® 2/n] with |a;i|(= \yi\) = h 

for some m <n (i.e., the differential of Sullivan mimimal model is zero). Then the 
rational homotopy set of classifying maps from a space Y is given as 

n 

[Y,{BauGX)^] = [y,n)LiF(Q,fc,)] -0F'=^(y;Q), 

i=l 

where F(Q, ki) is the Eilenberg-Mac Lane space. That is, the tuple of an n-elements 
of the cohomology of Y rationally determine a fibration with fibre X and base Y. 
Here Zq means the rationalization of a nilpotent space Z. 

In this paper, first, as an important obstruction for Problem o we pay atten¬ 
tion to that H*{Bauti{X x T);Q) can not be formulated by H*{BautiX-,Q) and 
H*{BautiY;Q) since BautiX is not even a rational factor of Bauti{X x Y), i.e., 
{Bauti{X X T))q ^ {BautiX)Q x G for any rational space C, in general. Refer 
S.B.Smith’s works [21] and [l^ in 2001. Thus our motivation is the following 

Lemma 1.2. If H*{Bauti{X x T);Q) is free, then H*{BautiX;Q) and 
H*(BautiY;Q) are both free. But the converse is not true in general. 

We prepare the following general notation to start our observation. 

Definition 1.3. A space S with a map f : S ^ T is said to have a rational 
retraction for T when there is a map r : Tq ^ Sq with r o /q ~ ids^- Also S is 
said to have a weak (rational) retraction for T when there is a graded Lie algebra 
map R : 7r*(fir)Q -)■ 7r*(nS')Q with Fo7r*(fl/)Q = *d 7 r.(ns)Q- 

Thus we have “rational factor => rational retraction ^ weak retraction”. In 
particular, when a map / : S' —>• T is TTQ-injective, “F*(F;Q) is free ^ S is a 
rational factor of T” from Lemma 12.21 below. In general, a map f : X ^ Y 
does not induce a map between identity components of spaces of self-equivalences 
autiX autiY. Though the inclusion ix ■ X ^ X x Y induces the map jx ■ 
autiX —>■ auti{X x Y) with jxig) = 9 x idy, where idy is the identity of Y. Thus 
there is the morphism Bjx ■ BautiX —5> Bauti{X x Y). For example, BautiS^ 
and BautiS^ are not rational factors of Bauti{S^ x S^). BautiS^ has a rational 
retraction for Bauti{S^ x S®) but BautiS^ does not even a weak retraction. See 
§2 for the detail. The following question is a key to approach Question ll.il 

Question 1.4. When is BautiX (or BautiY) a rational factor of Bauti{X xY) ? 
More generally, when does BautiX (or BautiY) have a rational (weak) retraction 
for Bauti{X xY) ? 
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For example, recall S.B.Smith’s 

Theorem 1.5. <^ [211 Theorem 3]j Suppose that X is an Fo-space with 
Der^H*{X;Q) = 0 and Y is a rational H-space. //min7r*(X)Q + min7r*(y)Q > 
max7r*(X x y)Q and max7r*(X)Q < min7r*(T)Q, then 

Bauti{X X Y) ~Q BautiX x \\Der{H*{Y-,Q), H*{X x T;Q))||, 
where ||L|| is the spatial realization of a DGL L |17j . 

Futhermore there are some examples in EH section 5]. In this paper, we consider 
a sufficient condition for having a weak retraction in the case that Y is an odd- 
sphere. 

Definition 1.6. (a) The (m^k)-evaluation of X: 

: H^{DerM{X))^H\X;Q) ^ H^_k{DerM{X)) 

is given by /irn,fc([o'] ® [rc]) = [cr^rc]. Here ([cr] ® [w])(a:) := [a{x)w] for x G M{X). 
(b) The (m)-cohomology induced map of X: 

: HmiDerMiX)) -G Derail*(X;Q) 

is given by iprniX){[a]){w) := [cr(w)]. 

Proposition 1.7. For the odd-sphere S'" (n > 1), 

(a) BautiX has a weak retraction for Bauti(X x S") if p.m,k{X) = 0 for any 
0 < k < n < m. 

(b) BautiS"^ has a weak retraction for Bauti{X x S") if ifrai^X) = 0 for any 
0 < m < n. 

Definition 1.8. <^|25j ) A simply connected space X with Sullivan minimal model 
M{X) = (Ay, d) is said to be formal if there is a quasi-isomorphism XI(X) —>■ 
{H*(X;Q),0) and X is said to be coformal if there is a quasi-isomorphism from 
the Quillen’s DGL-model m of X to the rational homotopy Lie algebra 7r*(nAr)Q 
(equivalently, the differential of Sullivan minimal model is quadratic, i.e., dV C 
K^V). 

When Bauti{X x S") is coformal, ^^BautiX has a rational retraction for 
Bauti{X X S")’’ is equivalent to “BautiX has a weak retraction for Bauti{X x S")” 
from Lemma Em below. 

Theorem 1.9. Suppose that H*{BautiX', Q) is free. Then the differential of 
M{Bauti{X X S")) does not have a quadratic part for an odd-sphere S" if (a) 
Mm,fc(A') = 0 for any 0 < k < n < m and (b) ipm{X) = 0 for any 0 < m < n. 

In particular, when Bauti{X x S") is coformal, H*{Bauti{X x S");Q) is free 
if (a) and (b) hold. 

An elliptic space AT is said to be pure if if ^ q ^yodd ^ jyyeven 

for XI(X) = (Ay d). For example, simply connected Lie groups, homogeneous 
spaces and Fd-spaces are pure spaces. More generally, X is said to be two-stage if 
if dyo = 0 and dy C Ayo for V = yo © y. From degree arguments, we get 

Example 1.10. (1) H*{BautiX',Q) is free if and only if H*{Bauti{X x S^);Q) 
is free. 

(2) When X is elliptic, H*{Bauti{X x S^);Q) is free if and only if M{X) = 
{A{xi,..,Xm,yi, ..,yn),d) with |a;i| = • • • = \xm\ = 2 and \yi\ = ■■■ = |y„| = 3. 
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In the followings, the symbol {v, /) means the elementary derivation that takes 
a generator v oiV to an element / of KV and the other generators to 0. 


Example 1.11. Let X be the pullback of the sphere bundle of the tangent bundle 
of by the canonical degree 1 map S‘^ x ^ 5'“+^. Then it is the tortal space 
of a fibration X ^ 3°“ x S^. Notice that M{X) = {A{vi,V 2 ,V 3 ),d) where 

|z;i| = a, \v 2 \=h, I'yaj = o + 6 — 1 are odd, dvi = dv 2 = 0 and dv^ = viV 2 - Then 


H*{X-Q) 


_A(tll,f2) <8 )Q[wi,W2]_ 

{viV2, ViWi,V2W2,ViW2 + V2Wi,wf,W2, W 1 W 2 ) 


withwi = [r'li'a] andw 2 = [^ 2 ^ 3 ], so X is not formal. From%3(II), H*{BautiX]Q) 
is an one or two variable free algebra: A{v 3 fi) or A{v 2 ,i,V 3 ft). By referring to 
Theorem \1.9l a non-freeness condition of H*{Bauti{X x S'"); Q) for an odd integer 
n is given by (a) /r|„3|_o([(^^3,1)], 1) = [(^^3,1)], /i|« 2 |-hi|,o([(w 2 ,-^ 1 )], 1) = [(w 2 ,'yi)] 
or (b) '!/'|t) 3 |([('^ 3 ,1)]) = (witVi) + (w 2 ,V 2 ) under certain degree conditions. From 
Theorem ED below, we have that H*{Bauti{X x S"); Q) is free if and only if a = b 
and 2a — 1 < n < 3a — 1 . In §^, we give the Sullivan minimal models for all cases 
of degrees. 


In this paper, second, we consider about Question 1 1.1 1 for certain pure spaces X. 


Theorem 1 . 12 . Let X be a non-formal pure space where M{X) = 
(A(a;i, X2,2/1,2/2,2/3)) d) where \xi\ is even with |xi| < |a;2| and \yi\ is odd with 
I2/1I < I2/2I < |2/3|- Let dyi = fi & Q[a:i,a;2] for i = 1 , 2 , 3 . Then H*{BautiX;Q) is 
not a polynomial algebra if and only if the following (I) or (II) holds: 

(I) There is an odd-element w G H*{X;Q) with |r(;| < I2/3I. 

(II) When |a;i| < \x2\, 

fi = x[ e Q[a;i], df2/dx2 ■ x\ G (/i), df3/dx2 ■ x'( G (/i, /2) (*) 

for some 1 < I and 0 < k < min{ 2 , |x2|/|xi|}. Here dfifdxj is the partial differ¬ 
entiation of fi by Xj and (S) is the ideal o/Q[a:i,a;2] generated by a set S. 

In the following examples, ( 1 ) and ( 2 ) correspond to (I) and (II) of the above 
theorem, respectively. Futhermore ( 3 ) satisfies the both cases of (I) and (II). In all 
cases, BautiX are not formal. 

Example 1 . 13 . (1) When X is the total space of a fibration ^ X ^ x CP^ 
such that M{X) = (A(xi, X2,2/1,2/2,2/3), d) with |xi| = 1 x 21 = 2 , \yi\ = I2/2I = 3 , 

1 2/3 1 = 7, dyi = Xi, dy2 = X1X2, dys = x^- There is the even degree non-zero 
element r = [{y3,X2yi — X12/2)] € H2{DerM{X)). Then we have 

M{BautiX) ^ {A{v2,V2,V2,V3,Vi,v'3^,v'l,V3,VQ,V3),d) 

with |ui| = \v'i\ = |v"| = i, dv2 = dw^ = dv'f = dv3 = dv4 = dv^ = dvs = 0 , 
dv'f = V2V3, dvQ = V3V4 and dv( = U3U4. Here the element V3 corresponds to a 
(with respect to Theorem \2. 1\ below). 

(2) When X is the homogeneous space SU{6)/SU{3) x St/(3), M{X) = 
(A(xi,X2,2/i,y2,2/3),d) with |xi| = 4, |x 2 | = 6, \yi\ = 7, I 2 / 2 I = 9, |y3| = 11, 
dxi = dx 2 = 0, dyi = x\, dy 2 = X 1 X 2 , dy 3 = mm];- There is the even degree 
non-zero element a = [(x 2 ,xi) + ( 2 / 2 ,2/i) + 2 ( 223 , 2 / 2 )] G H 2 {DerAI{X)). Then we 
have 

M{BautiX) ^ 
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with \vi\ = \v[\ = i, dv2 = dv^ = dvs = 0 , dv4^ = V2V3, dve = V3V4, dvg = v^vq, 
dvio = V3VS and dvi2 = V3V10. Here the element V3 corresponds to a. 

( 3 ) When X is the total space of a fibration ^ X ^ x such that 
M{X) = {A{xi,X2,yi,y2,y3),d) with |a;i| = 2 , \x2\ = 4, |yi| = 3, \y2\ = 5, lya] = 
11, dyi = xf, dy2 = X1X2, dys = X2- There are the even degree non-zero elements 
cr= [(a;2,xi) + (y2,yi) + 3 (?/ 3 ,2:22/2)] € H2{DerM{X)) andT= [(2/3,2:22/1-2:12/2)] £ 
Hi(DerM{X)). Then we have 

M{BautiX) = {K{v2,V3,V4,,v'^,vz,ve,vs„vio,vi2),d) 

with jiiij = |i;'| = i, dv2 = dv^ = dv4 = dv^ = 0 , dv^ = V2V3, dve = V3V4, 
dvs = V2V3v'^ + 1:41:5 + 1:31:6; c^^'io = ^^3^:8 + v^vq and dvi2 = v^v'^vq. Here the 
elements V3 and V5 correspond to a and r, respectively. It is not even coformal. 

Finally we give an example of a non-formal homogeneous space X that does not 
satisfy the conditions of Theorem 11.121 

Example 1 . 14 . Let X be a homogeneous space space with X = SU( 2 ) x SU{ 2 ) x 
SU{ 2 )/T‘^ of T'^ = X S^. Due to [ 1 ^, there are two types of torus embeddings 
C SU{ 2 ) X SU( 2 ) X SU{ 2 ) such that M{X) = (A{xi,X2,yi,y2,y3), d) with 
kij = 12:21 = 2 , I2/1I = I2/2I = I2/3I = 3 and 

(i) dxi = dx2 = 0 , dyi = x\, dy2 = x^, dy^ = 0 (formal) 

(ii) dxi = dx2 = 0 , dyi = x\, dy2 = x^, dy^ = 2:1X2 (non-formal). 

In both cases, 

H*{BautiX-,Q) = Q[ui,U2,U3,U4,U5,ue,U7] 

with juij = |m 2| = jitsj = |u4| = 2 and jwsj = 

luej = |u 7 | = 4 since 7r*+i(ilautiX)Q = H,,{DerM(X)) = 

Q{(2/i. 2;2), (2/2,2:fc), ( 2 / 3 , 2 :i), ( 2 / 3 , 2 : 2 ), (2/1, 1 ), (2/2, 1 ), (2/3, 1 )} in which k = 1 for 
(i) and k = 2 for (ii) from Theorem \ 2 . 1 [ 

In §2, we prepare about computation of derivations and give the proofs of Theo¬ 
rems [T^ and [03 In §3, we compare M(BautiX) for formal cases and non-formal 
cases on elliptic spaces X with rational homotopy groups of rank 3. In §4, we 
give the Sullivan minimal models on all cases of Example 11.111 In §5, we give the 
explicit computation for giving the minimal model of Example 11.131 (2) but omit 
the computations of Example [TTTS] (1) and (3) since they are similar to it. 

2. Sullivan models and derivations 

We use the Sullivan minimal model M{X) of a simply connected space X of 
finite type. It is a free Q-commutative differential graded algebra (abbr., DGA) 
{AV,d) with a Q-graded vector space V = E* where diniE* < 00 and a 

decomposable differential, i.e., 

d(V^) C (A+E • A+E)*+i and d o d = 0 . 

Here A'''E is the ideal of AE generated by elements of positive degree. We often 
denote (AE, d) simply by AE. The degree of an element x of a graded algebra is 
denoted by jxj. Then we have 

xy = {—l)'^^'^'^^'^yx and d{xy) = d{x)y -\- (—l)''^'x d{y). 
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We note that M(X) determines the rational homotopy type Xq oi X. In particular, 
there are the following isomorphisms 

Hom{V\Q) ^ 7r,(X) 0Q(= ^,(X)q) and H*{AV,d) ^ H*iX;Q) 

See [3] for a general introduction and the standard notations. 

Let DeriM{X) be the set of Q-derivations of M{X) decreasing the degree by 
i with <7{xy) = a{x)y + {—iy'^^^xa{y) for x,y € M{X). The boundary operator 
d : DeriM{X) — Deri_iM{X) is defined by d{a) = do a — (—1)V o d for cr € 
DeriM{X). We denote (Bi>oDeriM{X) by DerM{X) in which DeriM{X) is d- 
cycles. Then DerM{X) is a DGL by the Lie bracket [cr, r] := u o r — (— o 
(T. Furthermore, recall the definition (sign convention) of D.Tannre p.25]: 

C*{L, d) = (As“^ttL, D = di + ^ 2 ) with 

(1) {dis~^z]sx) = —{z;dx) and 

(ii) {d2S~^z; sxi,sx2) = (z; [xi,X2]), 

where (s“^z;sa;) = (—1)1^1 (z;x) for a DGL {L,d) and jJL is the dual space of L. 

Theorem 2.1. f |24l p.314], [3]J The DGA C*{DerM{X),d) is the Sullivan model 
m{BautiX) ofBautiX. In particular, 7r*(f2i?au<iW) 0 Q = iJ*(DerM(A'), 9) as 
graded Lie algebras, in which the left hand has the Samelson bracket. 

Here the DGA m{BautiX) need not be minimal (cf. Proposition 15.21 belowL 
The following lemma is obvious from DGA-arguments. 

Lemma 2.2. Suppose that a map f : S ^ T is 7r*(/)Q-mjectfoe. Then the model 
is given as M{f) : M{T) = (A(C/ (BV),D) —>• (AH, d) = M{S) with 

M{f) \v= idv, M{f){U) =0, d = D, DU £ A+D (g) AV, DV £ XU ® A+F. 

Then S is a rational factor ofT if and only if DU C XU and D 1^= d. Futhermore 

(1) S has a rational retraction for T if and only if DV C AF (i.e., D |y= d). 

(2) S has a weak retraction for T if and only if DV C AF © A>^(C/ © F). 

Proposition 2.3. Let M{X x S'") = (A(F ©u),d) where M{X) = {XV, d) and 
|u| = n for an odd-integer n. Let A = (Bi>oAi, B = (Bi>oBi and C = ©i>oC'i where 

HyDer{X{V © u)) = Ai®Bi®Ci 

:= H,{Der{AV)) © HyDer{XV, {u))) © HyDer{X{u), AV)), 

where {u) is the ideal of A{V © u) generated by u. Then 

(1) BautiX has a weak retraction for Bauti{X x S") if [B, C] = 0. 

(2) BautiS^ has a weak retraction for Bauti{X x S") if [A, C] = 0. 

(3) 7r*(DHauti(X x S"))q is abelian (i.e., the Lie bracket o/7d*(Der(A(F ©u)) is 
trivial ) if [A, A] = 0, [A, C] = 0 and \B, C] = 0. 

Proof. In general, since they are negative degree derivations, we have 

[A, A] = A, [A, B] = B, [A, C] = C, [B, B] = B, [B, C] = A, [C, C] = 0. 

From Theorem [Q and Lemma O we have (1),(2) and (3). In particular, if 
[A, A] = 0, we have [A, B] = [B, B] = 0. Thus (3) holds. □ 

Claim 2.4. (1) ym,k{X) — 0 for any 0<k<n<mif and only if [B, C] = 0. 

(2) '!/'m(Ar) = 0 for any 0 < m < n if and only if [A, C] = 0. 
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Proof. (1) For a G Hm{DerM{X)) and w G H^{X;Q), 

I^w) = a iSiw = ±[a ® u, {u, w)] G [B, C] 

under 0 < k < n < m. Conversely, all elements of [B, C] are given as them. 

(2) For CT G H^{DerM{X)) and w G Fr'=(X;Q), 

{u,'ijjm{cr){w)) = {u,a{w)) = ±[a, (u,r(;)] G [A,C] 
under 0 < m < k < n. Conversely, all elements of [A, C] are given as them. □ 

Proof of Proposition \1.T\ (a) It holds from Proposition 12.31 (11 and Claim(11. 

(b) It holds from Proposition 12.31 (21 and Claim [2l^ (21. □ 

Proof of Theorem \1.9i It holds from Proposition l2.3l (31 and Claim(11(21. □ 

From Theorem 12.11 7r*+i(i3atttiF) 0 Q = H^,{DerM{Y)). Thus we have imme¬ 
diately by degree arguments 

Lemma 2.5. Heven{DerM{X)) = 0 if and only if H*{BautiX-,Q) (s a polynomial 
algebra. 

Proof of Theorem \ 1.1 2\ From Lemma l2.51 it is sufficient to observe when a non-zero 
even degree element a exists in H^:{DerM{X)). Then we can divide it two cases as 

(I) :“|u| and |/| are both odd” or (II) :“|u| and |/| are both even” for a = (u, f)-\ - . 

A possiblity of HeveniDerM{X)) ^ 0 is that there is the non-exact d-cycle 
(T = (?/ 3 , w) for some odd-degree non-exact cocycle w in the ideal (yi, ^ 2 ), which is 
equivalent to (I). 

The other possibility is given, when |a;i| < \x 2 \, as that there exists a non-exact 
(5-cycle a = {x2tx’1) + r for some 0 < fe < |cc 2 |/|a:i| and a derivation r. Let 
dyi = fi G Q[xi,a; 2 ] for i = 1,2,3. There exists such a r if and only if there are 
elements g, hi, /12 G Q[xi, X 2 ] such that 

5(x2,Xi) = -{yi,dfi/dx 2 ■ x\) - (y2,9/2/5x2 ■ x\) - iy3,df3/dx2 ■ x\) 

= iy2,9fi) + {y 3 ,hifi + ( 12 / 2 ) = d{{y 2 ,gyi) + {y 3 ,hiyi + h 2 y 2 )) = 9(-t). 

It is equivalent to (*) of (II). □ 


Remark 2 . 6 . In Theorem \1.12]f l). if 'ijj\y^\{yi,l){u>) = [dw/dyi\ ^ 0 , there is 
the non-exact 5-cycle a = {y 3 ,dw/dyi) with a = [(y^, 1), (ya, ic)] for non-exact 
5-cycles (yi,l) and {y 3 ,w) (i = 1 or 2 ). Then the rational homotpy Lie algebra 
'!T^{LlBautiX)Q has a non-trivial Lie bracket (is not abelian) from Theoem \2.1[ 
Especially H*{BautiX;Q) is not even free. 

3. Oddly generated models of rank 3 

For elliptic spaces X with dim7r*(A)Q = 3 and 7r*(A)Q = TroddiX)iQ, let 
M{X) = (A(ui, U 2 , T 3 ), d) with juil odd for ( = 1, 2, 3 of |ui| < |u 2 | < |u 3 |. Then the 
minimal model M := M{BautiX) is given as follows: 

(I) Formal case: d{vi) = d(y 2 ) = d(y 3 ) = 0 . 


M ^ (A(uuo,L’2.O,^^3,o),0) 
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(1.1) Iml = |u2| = lual 






(1.2) I'yil = \v2\ < I'ysl < 2|i;i| 

M ^ mvi^o,V2,o,V3fi,v:i^i,V3^2),D) 

with D{vi^o) = D{v 2 ,[)) = £’(w3,i) = D{v3^2) = 0 and D{v3^o) = ^^i,o^’3,i + 0 ^ 3 , 2 - 

(1.3) |z;i| = |z;2| < 51^3! 

M = {h.{vi^o,V2,0,V3fi,V3^i,V3^2,V3,12),D) 

with D{vi^o) = D{v 2 fi) = D{v3^i2) = 0, D{v 3 ^i) = wi,o'y3.i2, Div3,2) = V2,0^^3,12 and 

D{v3^o) = 'yi,0^^3,l + V2,0^3,2- 

(1.4) I'yil < \V2\ < |i;3| < bl| + \V2\ 

M ^ (A(?;i,o,W2,0,'y2,l,?^3,0,1'3,l,'y3.2),£>) 

with D{vi^o) = £>(^^ 2 , 1 ) = 0, D{v 2 ,o) = ^'i,o^^ 2 ,i, £*(^ 3 . 1 ) = 'y2,i'y3,2 and 

A’(f3,o) = 'yi,0^’3,l + W2 ,oW3,2- 

(1.5) I'yil < |z; 2 | and |?;i| + |'(; 2 | < |z;3| 

M = (A(i;i,o,l’2,0,^^2,l,l'3,0,V3,l,'y3.2,W3,12), A>) 

with D{vi^o) = D{v 2 ,i) = D{v3^2) = -0(^3, 12 ) = 0, D(v 2 fi) = VifiV 2 ,l, 
D{v 3 ^i) = 'y2.ll’3,2 + ^^3,12^^2,0 and D{v 3 fi) = i;!, 0 ^ 3,1 + ^'2,0^^3,2- 

(1.6) I'yil < \V2\ = I'y3l 

M = (A(i;i^o,W2.o,'y2,i, 1^3.0,'y3,i),-D) 

with D{vi^o) = D{v 2 ,i) = D{v 3 ^i) = 0, £>('y 2 ,o) = fi, 0 ^ 2,1 and Il(z;3,o) = ^^i,o?^3,i- 
(II) Non-formal case: d{vi) = d{v 2 ) = 0 and d{v 3 ) = viV 2 - 

(2.1) |?;i| = \v2\ 

M = (A(i;3^o), 0). 

(2.2) |^;i| < \V2\ 

M = (A(v 2,1, l^3.o), 0). 

Here the elements Vij, Vijk and Vi^o corresponds to the derivations {vi,Vj), 
{vi,VjVk) and (r^i,!) = v*, respectively with respect to Theorem 12.11 Thus 
kiji = - kjl + 1 is odd and \vijk\ = \vi\ - \vj\ - \vk\ + 1, I'Ci.ol = |vi| + 1 

are even. We also adopt these symbols to the following sections again. 

4. Example [rm 

Let’s directly compute the rational homotopies of Bauti{X x 5'") when 
M{X) = (A(ui,'C 2 , W 3 ), d) with d{vi) = d{v 2 ) = 0 and d{v 3 ) = V 1 V 2 (i.e., (II) of §3) 
and iL*(S'";Q) = A(u) with |u| = n odd. The following cases (1) ^ (6) exist: 

(1) |u| < |ui| 

(i) |u| + |ui| < \V2\ 

M{Bauti{X X S'”)) = (A(?;„,o,L>2,i,U2,„i,W3.o,'y3,u),d) 
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with d{v 3 fi) = Vu,oV 3 ,u and d(v 2 ,i) = t'ii,oV 2 ,Mi (dv = 0 for the other generators v). 


(ii) |m| + |fi| > \v 2 \ and |?;i| < |n 2 | 

M{Bauti{X X S'")) ^ (A(v„,o,W2.i)«3,o,W3.«),rf) 
with d{v3fi) = Vu,oV3,u- 

(hi) |t>i| = \V2\ 

M{Bauti{X X S")) = {A{vu,o,V 3 fi,V 3 ^u),d) 
with d{v 3 fi) = Vu,oV 3 ,u- 

(2) Iml < |m| < \v2\ 

(i) |u| + |ni| < Inal 

M{Bauti{X X S")) = (A(v„,o,Wu,1)^2,1)'^2,«1,^^3,0,W3,«),C^) 

with d(n3,o) = and d{v 2 ,i) = n„,oW 2 ,«i- 

(ii) |w| + |ni| > Inal 

M{Bauti{X X S")) = (A(n„,o,'y«,i:'^ 24 !^ 3 .o,^^ 3 .u),d) 
with d(n3,o) = Vu,oV3,u- 

(3) Iml < |na| < Ini < InsI 

M{Bauti{X X S")) = (A(na,i,nu,o,n„,i,n„,a,n 3 ,o,n 3 ,„),(i) 

with d(n3,o) = Vu,oV3,u, d(vu,o) = n„,in„,an3,« and d(n„,i) = na 4 n„,a- 

(4) Iml = |na| < Ini < InsI 

M{Bauti{X X S")) = (A(nu,o,n„,i,n„,a,n3.o,n3,«),(i) 

with d(n3,o) = VufiV3^u and d{vufi) = Vu,iVu,2V3,u- 

(5) Iml < |na| < InsI < |n| 

(i) Iml + |na| + InsI < |n| 

M{Bauti{X X S")) = {A{v2,l,V3fi,Vu,0,Vu,l,Vu,2,Vu,13,Vu,23,Vu,123),d) 

with d{vu,o) = v‘^qVu,i 23, d{vu,i) = n 2 ,in„,a + n 3 ,on„,i 3 , d{vu, 2 ) = n3,on„,a3 and 
d{vu,i3) = na,in„,23- 

(ii) |na| + |n 3 | < |n| < |m| + |na| + |n 3 | 

M(Bauti(X X S")) = (A(na,i,n3,o,n„,o,n„,i,n„,a,n«.i3,w«.23),c^) 

with d(n„,i) = n 2 ,in „,2 + n 3 ,on„,i 3 , d{vu, 2 ) = n3.on„,23 and d{vu,i3) = n2,in„,23- 

(hi) |m| + |n3| < |n| < Inal + |n3| 

M{Bauti{X X S")) = (A(n2,i,n3,o,n„,o,n„,i,n„,2,n„,i3),c^) 



with d{Vu,l) = V 2 ,lVu ,2 + V3fiVu,13- 

(iv) |m| < |wi| + lusi 

M{Bauti{X X S'”)) = {h.{v2,i,V3fi,Vufi,Vu,i,Vu,2),d) 
with d{Vu,l) = V2 ,iVu,2- 

(6) |ui| = |U2| < |f3| < |u| 

(i) bil + \V2\ + bal < |u| 

M{Bauti{X X S”)) = (A(z;3,o,f«.o, v«,i23),rf) 

with d{vu,i) = V3fiVu,i3 and d{vu, 2 ) = V3,oVu,23- 

(ii) |z;2| + |w3| < |u| < |wi| + \v2\ + ksl 

M{Bauti{X X S”)) ^ mV3^0,Vu,0,Vu,l,Vu,2,Vu,13,Vu,23),d) 

with d{vu,i) = U3,0^'«,13 and d{vu, 2 ) = V3,ov«,23- 

(iii) |u| < |fi| + |U3| 

M{Bauti{X X S”)) = (A(w 3 ,o,v«.o, v«,i>'^«.2).0). 

Here f„,o, Vu,i, Vi,u, correspond to the derivations (m, 1), (u,Vi), (vi,u), 
••• respectively. Thus |w„,o|, \vu,ij\, \vi,uj\ are even and |z;„y|, \vu,ijk\ are odd. 

Thus we have the following 


Theorem 4 . 1 . When M{X) = (A(vi, U 2 , U 3 ), d) with |ui| odd, dvi = dv 2 = 0 and 
dv 3 = V 1 V 2 , there are 14-types of Bauti{X x S") with n odd as 


type 

fx 

rx 

W.rx 

/s" 

rsr^ 

w.rs^ 

formal 

coformal 

rank 

H*-free 

( 1 ). 

no 

no 

no 

no 

yes 

yes 

no 

yes 

5 

no 

(l)ii 

no 

no 

no 

no 

yes 

yes 

no 

yes 

4 

no 

(l)izi 

no 

no 

no 

no 

yes 

yes 

no 

yes 

3 

no 

( 2 ), 

no 

no 

no 

no 

yes 

yes 

no 

yes 

6 

no 

(2)ii 

no 

no 

no 

no 

yes 

yes 

no 

yes 

5 

no 

(3) 

no 

no 

no 

no 

no 

yes 

no 

no 

6 

no 

(4) 

no 

no 

no 

no 

no 

yes 

no 

no 

5 

no 

(5), 

no 

yes 

yes 

no 

no 

yes 

no 

no 

8 

no 

(5)« 

no 

yes 

yes 

yes 

yes 

yes 

no 

yes 

7 

no 


no 

yes 

yes 

yes 

yes 

yes 

yes 

yes 

6 

no 


no 

yes 

yes 

yes 

yes 

yes 

no 

yes 

5 

no 

( 6 ), 

no 

yes 

yes 

yes 

yes 

yes 

yes 

yes 

7 

no 

(6)ii 

no 

yes 

yes 

yes 

yes 

yes 

yes 

yes 

6 

no 

(6)iii 

yes 

yes 

yes 

yes 

yes 

yes 

yes 

yes 

4 

yes 


Here fx means that BautiX is a rational faetor of Bauti{X x S"), rx means that 
BautiX has a rational retraction for Bauti{X x S”) and w.rx means that BautiX 
has a weak rectraction for Bauti{X x S"). Futhermore fs^, rs^ and w.rs<^ are 
similar symbols for BautiS’^. H*-free means that H*{Bauti{X x S");Q) is free. 
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Proof. Since M{BautiX) = (Atia^OjO) or (A('(; 3 _o,i' 2 ,i),0) and M{BautiS'^) = 
{Avu,o, 0), we can check whether or not the properties fx, w.rs^ are true respec¬ 
tively from Lemma [2.21 See §4] for formality conditions. □ 

Corollary 4.2. Suppose M{X) = {K{vi^V 2 ,v^),d) where |z;i| are odd, dvi = dv 2 = 
0, dvs = viV 2 and n is odd. Then 

(1) The followings are equivalent: 

(i) H*{Bauti{X X S'"');Q) is free, 

(ii) It'll = |t> 2 | < Ifsl <n< Iml -I- |i;3| and 

(Hi) BautiX is a rational factor of Bauti(X x 5”). 

(2) Bauti{X X S'”) is coformal if and only if BautiS^ has a rational retraction for 
Bauti{X X S”). 

(3) If Bauti{X X S") is formal, BautiS'^ is a rational factor of Bauti{X x S") 
and BautiX has a rational retraction for Bauti{X x S”). 

(4) BautiX has a rational retraction for Bauti{X x S”) if and only if it does a 
weak retraction. 

(5) BautiS'^ has a weak retraction for Bauti(X x S"). 

5. Case of X = SC/(6)/SC/(3) x SU{3) 

Let X = SC/(6)/S{7(3) x SC/(3). Then M{X) = {A{xi,X 2 ,yi,y 2 ,y 3 ),d) with 
|a:i| = 4, 1 x21 = 6, \yi\ = 7, \y2\ = 9, lysl = 11, dxi = dx2 = 0, dyi = xj, 
dy2 = a;ia:2 and dyz = x\. Then a basis of DerM{X) is given as the table: 


degree 

generators 

11 

(223, 1 ) 

9 

( 222 , 1 ) 

7 

(223,2:1), (yi,l) 

6 

( 2 : 2 , 1 ) 

5 

(223,2:2), (222,2:1) 

4 

(223,2:1), (xi,l) 

3 

(223, a:^), (222,2:2), (221,2:1) 

2 

(223,2:2), (222,2:1), (X 2 ,Xi) 

1 

(223,2:1X2), (222,2:1), (221,2:2) 


Proposition 5 . 1 . For M[X) = {A{xi,X2,yi,y2,y3),d) of above, we have 
7 r*+i(BawtiX)( 8 )Q ^ Q{ s(y3,1), s(t/2,l), s(yi,l), s(j/i,Xi), s{yi,X2), s{y3,xi), s{y 3 ,X 2 ), 

s{2{y3,y2) + {y 2 ,yi) + ix 2 ,xi)) } 
as a graded vector space. Here |s((f , /) + ••• )l = kl ~ I/I + I- 

Proof. Recall §2. The differential d on the generators of of DerM{X) is given as 
d ((2/3,1)) = d ((i/ 2 ,1)) = d i{y3, xi )) = d ((t/i, 1)) = d ((2/3,2:2)) = d ((2/2, a:i)) = 0 
9 ((2/3,2:1x2)) =d{{y 2 ,xl)) =d{{yi,X 2 )) =d{{y3,xl)) = 9 ((2/2,2:2)) = d{{yi,xi)) = 0 
d((x 2 ,l)) = -(222,2:1) -2(y3,X2), d {{ y 3 , yi )) = (223,2:3), 9((xi,l)) = -2(2/1,xi) - (222,2:2) 
5 ((2/3,2/2)) = (223,2:1X2), 5 ((2/2,221)) = (222,2:1), 5((x2,xi)) = -(222,2:1) - 2(223,2:1x2). 

Then we obtain the result from TT^,+i{BautiX) (g> Q ~ H^:{DerM{X)) = 

Ker(d) /Im(d) of Theorem l2.ll □ 
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Proposition 5 . 2 . The DGA-model m{BautiX) := C*{DerM{X)) is given as 
m{BautiX) ^ {A{Vy^^i,Vy^^i,Vy^ 

\ •) ,1 5 ^^2,1 5 ^w\ 1 ? Vy^ ,15 

^y3,xl > ^y 2 ,X 2 ) ^W 2 ) ^ 3 , 1/2 ) ^ 2 ,yi) ^ 2 ,a:i) ^ 3 , 3 ;ia ;2 ) ^y 2 ,x 1 ) ^yi , 2 : 2 )) -^) 

with |F,3,i| = 12 , = 10 , = |K,3,i| = 8 , 1143,il = 7 , = \Vy,,,A = 

1 ^ 3 ,yil = l^a:i,l| = I^y3,a;fl = I^y2,a:2l = l^2l = 4 , |V"y3_y2| = IV^s.yil = 

14^2, 2:1 1 “ 3 , 1 1^3 >2:12:2 1 “ |4^2,2;f I “ 1^1,2:21 “ 2 and differential: 

44 ( 4 ^ 3 ,1) = ~l 2 :i,lV^ 3 , 2 ;i + Vx 2 ,l^'UJi ~ 2142 ,l 4 ^ 2 ,a:i + ^yiA^y 3 ,yi 4 “ 442 ,l 4 y 3 , 1/2 

44 ( 4 ^ 2 ,1) “ ~ 4 ^i,i 442 , 2 ;i ~ 44 : 2 ,i 4 ^ 2 .2:2 4 " 4 ^i.l 4 ^ 2 ,yi 

D{Vy 3 ,a:i) — ^X 2 ,xi^wi ‘^^X 2 ,xi^y 2 ,xi ^W 2 ^y 3 ,yi + 2143 

,X 2 ^y 3 ,yi ‘^^Xi,lVy 2 ,xl 

4 " ^y 2 ,XlVy 3 ,y 2 ~ Vx 2 ,l^y 3 ,XlX 2 

44(4^3,1) — 14 i,i 142 214 i,lly 2 , 2;2 ^^ 2 ,l 4 ^ 3 ,a :2 

^(4^2:2,1) = ~ 4 ^ 2 :i,1143,3,3 

D{Vujl) ~ ”2143,3,3 V^3,3,3 — 4143,lV ^3 3,2 + 4142, 2:2 4y2 ,yi ” ‘^^W2^y2,yi ~ ^yi,X2^y3,yi 

~ ^y 2 ,X 2 ^y 3 ,y 2 + 143 ,ll 43 , 2 ;i 2;2 

44(142.2:3) = 14 : 2,1 ” 142,2:3142,2:2 ” 14:2 142,2/1 4 " ‘^^y 2 ,X 2 ^y 2 ,yi ~ 2143 ,ll 42 , 2 :f 

44(143.yi) = ” 142 .yi 143,^2 

44(143, 2 :^) = ” 143 . 1/1 ” 142,2:1143.2:12:2 + 142.2:1143, 1/2 

44(142.2:2) = 14 i,i + 141.2:2142,2/1 

44(14)2) = 2141,2:2142.1/1 4 " 142,2:1141.2:2 

44(143,2:12:2) = ” 143 . 1/2 4 " 2143,3,3 

44(142,2:1) ” 142,2/1 4 ” 142,2:1 and 

D{Vx,,i) = D{Vy,,yff = 7 ?( 142 ,, 3 ) = 47 (V 43 ,, 3 ) = 44(143,.2) = 0 . 

Proof. Recall §2 (i). The differential di is given as 

' 4 i( 143 .i) ” ^1(142,1) ” ^1(143,2:1) “ ^i( 14 i,i) ” ' 4 i( 142 ,i) = ^1(143,2/1) ” ll) 
^1(143,2/2) ” ^1(142,2/1) ” ^1(142,2:1) = di(t 43 ,i) = <41(143,3,3) = 0 , 

'41(143.2:2) ” 2142 , 1 : ' 4 i( 142 . 2 :i) = 142 , 1 : ^l 0 ^y 3 ,x^) ” ” 143 . 2 / 1 ’ ^i(^y 2 ,X 2 ) — 14 i,l: 
' 4 i( 14 i, 2 :i ) ” 214 i,l: dl (143,2:12:2) “ ” 143 , 2/2 ff 2 r/ 3 , 3 , 3,3 , dl iy^y 2 ,x\) ~ ” 142 , 2/1 T 142 ,2:3 ' 

Next, the Lie bracket is given as 

[ ixi , l ),{ y 3 , xi )] = (2/3,1): [(a; 2 , 1 ), ( 2 / 3 ,a' 2 )] = ( 2 / 3 , 1 ), [(2/1, 1 ), (2/3, 2 /i)] = ( 2 / 3 , 1 ), 

[(2/2, 1 ), (2/3,2/2)] = (2/3,1), [{xi,l),{y2,xi)] = (2/2,1), [(x2, 1 ), (2/2,a;2)] = (2/2,1), 
[(2/1,1), (2/2,2/1)] = (2/2,1), [(x2,xi), ( 2 / 3 ,a; 2 )] = (2/3, a^i), [(2/1, a^i), (2/3,2/i)] = (2/3, a^i), 

2 [(a^i’l)’( 2 / 3 ,a;i)] = ( 2 / 3 , a^i), [(2/2, a^i), (2/3,2/2)] = (2/3, a^i), [(0:2, 1 ), (2/3, a;ia: 2 )] = (2/3, a^i), 

[(a^i,l),(2/i,a;i)] = (2/1,1), [(0:2,1), (2/1,2:2)] = (2/1,1), [(21,1), (2:2,xi)] = (x2,l), 

[(2/1, a^2), (2/3,2/1)] = (2/3,2:2), [(2/2,2^2), (223,2/2)] = (223,2:2), [(2:1,1), (223,2:1X2)] = (2/3, X2), 

[(x2,xi), (1/2,X2)] = (2/2,xi), [(2/1,xi), (2/2,2/1)] = (2/2,xi), 2[(^i’ 4 )’ (2/2,Xi)] = (2/2,xi), 
[(2/2,2/1), (2/3,222)] = (2/3,221), [(X2,xi), (l/ 3 ,XiX 2 )] = (2/3, Xi), [(2/2, Xi), (2/3, 1/2)] = (2/3, X?), 
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[(yi,a^2), (?/2,yi)] = (y2,a:2) and [{x2,Xx),{yi,X2)\ = {yi,xi). 

Then the differential d 2 of §2 (ii) is given as 

d 2 {Vy 3 ,l) = ~ ^2, 1 ^ 3 ,2:2 + ^ 1 , 1 ^ 3 .2/1 “f ^2, 1 ^ 3 ,2/2 

'^2(1^2,1) “ ~^l.l^2,a:i ~ ^2.1^2,2:2 ff ^1,1^2,2/1 

^ 2 ( 1 ^ 3 ,xi) = ~^a;2,a:i^y3>3:2 + ^yi .a^l ^^3 > 2/1 “ ,1 V^ 3 ,£i ;2 + ^ 2 ,3;i '*^^3 >^2 ~ ^2,l^y3,3:i3;2 

2^2(f^i,l) — ^xi,l^yi,xi ^^ 2 > 1 ^^i> 3:2 

d2(V^2>l) “ ^2,1^1,2:2 

d'2{yy3,X2) = ^1,2:2 ^ 3 , 2/1 ^2,22^3,2/2 ~ f 4 i,lh^ 3 , 2 i 22 

^2(1^2,21) = ~^2,2i 1^2,22 + ^1,21^2,2/1 ~ 2^1,1^2,2j 
^2{Vy3,yi) = ~^y2,yi^y3,yi 

<^2(1^3,xf) = ~^2,21 1^3,2122 + ^2,2f ^3,2/2 

‘^2(1^2,22) = ^1,22^2,2/1 
^2(hy3,a;3) — ^^2,21^^1,22 and 

<^2(^41,l) = ^2(143,2/2) ~ '^2(142,2/1) ~ ^2(142,21) = d 2 {Vy^^xiX 2 ) = '^2(4^2, 2 ^) = '^2(4^1,22) 

Let V 4 i ■— ^Ly2,2i ^^3,22 and 14 i 2 ■— ^^^2,22 ^^i,2i' Then, for D — dx “t“d2, we 
have done from Theorem 12 .II □ 

Lemma 5.3. Let M = {AV,d) be a minimal DGA and m = {AU,D) a free DGA 
with D = di + d 2 . Here di : U ^ A*{7. Suppose that there is a DGA-map ip : AI ^ 
m such that (p^ : V = H*{U,di). Then p is a quasi-isomorphism, i.e., M is the 
minimal model of m. 

Proof. There are the filtrations of the word lengths on AV and AU, respectively: 
F\AV) := A^V and F\AU) := A^^U, 

where F° D • ■ • D F" D F"+i D • • • and F^H'^{AV) = F^H^{AU) = 0 for a 
sufficient large N for each m. Note that differentials and a DGA-map preserve the 
filtrations. From the assumption, p induces an isomorphism on F^-term of in the 
spectral sequence of the (decreasing) filtrations. Thus it indicates an isomorphism 
p* : H*{M) = H*(rn) from [121 Theorem 3 . 2 ] ([ 23 l Chap .9 Theorem 3 ]). □ 

Theorem 5.4. The minimal model AI{BautiX) of the DGA-model m{BautiX) 
is given as follows: 

Mi^BaUtlX^ = (^A(LJy^ l, Uy^p, Uy^^X3 , GxU3 , UxU 2T bJ(j , Uy^^X2^ T 

where \Uy,^p\ = 12 , | 17 y 2 ,i| = 10 , \Uy.,p\ = 8 , {Uy^^xil = 8 , |Fu,J = 6 , = 4 , 

|t/cr| — 3 , |ffyi,22l — ^ With differential dflJy^p^ — Uy^pU^^, d{Uy2p^ — 
d(t 7 / 3 , 2 i) — UxuxU(j, dfUyjf^ — Uxu2H(x, d(Uxo2^ — ^yi.x2^(T and diUy^p^ — d(Ufx') — 
d{Uyj^^x2) = 0 . Here Ua is a non-exact cocycle corresponding to a = [{x2,xi) + 

(2/2) yi) + 2 (j/ 3 , j/2)] • It is not formal but coformal. 


13 


Proof. Indeed, a DGA-map ip: M(BautiX) m{BautiX) is given as 

V’{^viy^2) ~ ^yi,=^2 

ipiUa) = Vx2,xx + 2V^3,y2 + ^V2,V1 

V’{Uw2) ~ 2 Vxij2 a ^^y2,xf^yit^2 ~ “^^ys .^1^2^yi,^2 

PiUwi) = — GVwi — 4:Vw2Vy2,xiX2 + 10Idu2 ^^y2,^2^y3 .^1^2 ~ ‘^'^^y2 ,^2^y2 

A ^^y3,xl^yiy=^2 + ‘^^y3,3:iX2^yiX2 ~ 2 ^!/2,a;f ^l’^2 

V’{Uy3,xi) ~ “36Gji3,a;^ + 12Viui V^3,a:ii!2 ~^^^^l^y2,xf ~ 36Gji2 ,^1 1^3 “ 12Id;2 , 2:2 1^3 ,a:2 

+ 36Idl,2 V^3_2,2 +414)2 1^^3,2:13:2 “ ^^^™2^y2,xf + 1614,2 143 , 2 : 12:2 ,2:f 

“ 12142.2:2 143 3,2 + 24Vy2,2:2l42,2:f “ ^0142 ,X2 143,3:12:2 ^42 .a:? 

4 3 

“ 1214^ 3,2143,212:2141.2:2 “ 6143,3,2 14i.22 142.2:f “ gi43.2122i4i.22 
+ "^142,2:1141.22 “ 6143,212214i,22142.2f "1142.2^143,2122141,22 
+(^ 2 / 1 , 1 ) ~ 314i,i + 3142.2i14i,22 "1 14,2 "1 3142.22 “ 314 , 2142,22 4" 6142 . 22141 , 22142 , 2 ^ 

— 214,2 14 l.22 142,2^ 3 " 14 l.22 142.21 

+(642,1) “ 13142,1 “ 614 i,1143,2122 + 1514i.1142.2^ A 9143,2114i,22 “ 314 i 142 + 13142,21142.22 

— 614 i lyi,22 142,2^ + 3142,21143 ,2122 14 l,22 "1 I6I42 ,21 14 i .22 142,2^ “ 214,2 143.2122 

"1514,2 142,22 “6142,22143.2122 "1 33142 ,22 142.2^ "1914,2 142,22 143.2122 “ 2714,2 142.22 142,2^ 

“614,2143,2^141,22 "1 18142.22143,2^141.22 “4142 142,2^141,22 “ 2142 143,2122 141,22142.2^ 
"1 6142,22142,2^141.22 "I" 12142,22143,2122141,22142,22 "1 614^ 32 141,22142,2^ 

3" ^ 141 . 22142 , 2 ^ 143.2122 “ lyj ^,22 142,22 


+(643.1) — 54143,1 + 18142,1143,2122 18142 , 1 142,2^ 3 " 5414 i,1143,2^ 4 " 54143,21142.22 "I" 1814 i 

go 

" 154142,21 “ 5414,3 142,21 "I" 614 i,1143,2122 ^ 14 i,il 42 , 2 f "1 2414 i,i 143 .2122142,2f 

— 18143 , 21 143.2122 14 i. 22 "1 45143,21 14 i.22 142,2^ + 614 , 1 14,2 143.2122 “ 1514,114,2142,22 

— 3614 , 1 142.22143,2122 4 " 3614 ,il 42 , 22 l 42 , 2 ^ "16142,22143,2122142,2^ “ 9142.22142,2^141,22 

— 3614,1 143,a:jl 4 l,22 4 " 72142,21142.22143,2122 “ I8I42.21 142,22 142,2f 4 - 54142,21 143,0:^ 14 l ,22 
+ 108142 , 3,2 143,2^ “ 5414,2 142,22 143.22 4 - 614,1 142,3,2 14 l.22 “ 2414 , 1143 .21 22 14 l .22 ^332, 2 ^ 

2 33 2 22 

“ 12142,21143. 3 , 13,2 14 l.22 ^142,21142.22 14 l.22 4 - 69142 . 2 il 43 . 2122 l 4 l, 22 l 42 , 2 ^ 4-214,2143,213:2 

+ §< Vy\,xl - 1014'2 143.2122 v;^,,,2 + 241 (f 2 , 22 l 4 l 2 i 22 + fi;l22 11.22 

4 " 18143,22 14 l,22 “ 1214,2142,22143.2122 ^14,2142,22142,21 4 - 1514,2 142,22 143.2122 142.2^ 

+ 1214 , 2143 , 2 ^ 143 . 2122141,22 “ 3014 , 2143 , 2 ^ 141 . 22142 , 2 ? 4- 54142 , 22143 , 2 ? 141 , 22142 , 2 ? 

+ 514,2 142.3:? 14 l,22 4 - 814,2143.213:2141.22142,2? “ 2214,2143,2122141,22142,2? 

+ 36142 , 22143 , 2122141 . 22142 , 2 ? “ 6 I 43 . 2 ? 141 , 22142 , 2 ? 4" 24143 , 3 ;? 143.2122 141 , 22142 , 2 ? 

I 41/2 1/4 _ /ll/ T/^ 1/^ _L T/^ 

2 ^^'1.2:2 *'^!/ 2 . 2 ? 4 ; I" 113,3:13:2 13/1,22 ■'^ 3 / 2 , 2 ? 3 / 3.2122 13/1,22 *^3/2,2? 

Here we can directly check Doip = ipod. Thus we have done from Lemma l5.3l □ 
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Question 5.5. When X is a homogeneous space, is BautiX coformal ? 
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